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group,  in  vihich  all  infinite-dimensional  representations  of  the  group  were 
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1.  INTRODUCTION 


Infinite-dimensional  representations  of  noncompact  Lie  groups 

are  currently  of  interest  and  are  being  studied  in  describing  the 

physics  of  elementary  particles Of  particular  importance  in  this 

class  of  groups  is  SL(2,  C),  the  group  of  all  2x2  complex  matrices  with 

determinant  unity*  This  is  the  covering  group  of  the  restricted  Lorentz 

group  describing  homogeneous  Lorentz  transformations  that  are  ortho- 

2 

chroneous  and  proper.  This  group  plays  an  important  role  in  relativistic 
quantum  mechanics,  quantum  field  theory,  S-matrix  theory  and  axiomatic 
field  theory. 

The  theory  of  representations  of  the  Lorentz  group  is  of  particular 
interest  in  connection  with  recent  developments  utilizing  infinite- 
component  wave  equations  to  describe  particle  properties.  This  approach 
was  originally  attempted  by  Majorana  (1932),  who  suggested  an  infinite¬ 
dimensional  wave  equation  whose  form  is  analogous  to  Dirac's  spinor 
equation.  It  turns  out,  however,  that  Majorana's  equation  generates 
an  unphysical  mass specturm.  The  theory  of  infinite-component  wave 
equations,  which  are  generalisations  of  Dirac's  equation,  was  sub¬ 
sequently  developed  by  Gel 'f and  and  laglom  (1948). 

Recently,  Nambu,  Barut,  Fronsdal,  and  others'  developed  more  complex 
types  of  equations  based  on  the  Lorentz  group  and  showed  how  to  describe 
particle  properties  within  this  framework.  Barut  and  his  co-workers, 
in  particular  Kleinert  and  Conigan,  have  also  developed  an  approach 
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in  which  partial  n  properties  (mass  spectrum,  magnetic  momenta,  form 
factors,  otc.)  are  directly  expressed  in  terms  of  operators  in  a  given 
infinite-dimensional  representation,  without  using  wave  equations. 

Various  aspects  of  the  theory  of  infinite-component  c-number 
wave-functions  and  wave  equations  were  also  investigated  by  Bchm 
(1967,  1968 )>  La:n  (196d),  Miyazaki  (196'ia,  b)>  Takabayashi  (1967)  and  many 

/I 

others,  The  relationship  between  Rogge* s  theory  and  Lorer.ts  invariance 

was  investigated,  and  equations  which  reproduce  Regge  mass  spectra 

c. 

were  proposed. J  The  problem  of  second  quantization  of  such  theories, 
which  raised  some  deep  difficulties,  were  extensively  investigated 
(Grodsky  and  Streater  1968;  Abers,  Grodsk.y,  and  Norton  1967;  Feldnann 
and  Matthews  1967a,  b;  Fronsdal  1967c}  tksak  and  Todcrov  1969,  19701 
Miyazaki  1970b,  c).  The  relationship  between  infinite-dimensional 
wave-functions  and  the  foundations  of  quantum  mechanics  was  investigated 
by  Earut  and  Mai in  (1966a,  b,  1971 )•  Infinite-dimensional 
representations  were  used  in  relation  to  the  problem  of  representing 
the  algebra  of  current  density  (Dashen  and  Gell-Mann  i960;  Bebie 
and  Lentwyler  1967;  Lentwyler  1968;  Gell-Mann,  Horn  and  Weyers  1 967 ; 

Earut  and  Komen  1970;  Hamprect  and  Kleinert  1969;  Kleinert,  Corrigan, 
and  Hamprect  1970;  Cccho,  Fronsdal,  and  ‘rfhite  1969;  Fronsdal  and 
Harun-Ar  Rashid  1 969;  Chang,  Hash an,  and  0 ’Half ear taigh  1969a,  b; 

Katz  and  Noga  1970).  The  applications  of  infinite-dimensional 
representations  of  the  Lorentz  group  to  particle  physics  were  recently 
reviewed  by  Miyazaki  (1970b). J  All  these  problems  are  very  complex 
both  physicaily  and  mathematically. 
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Aa  far  as  the  mathematical  theory  of  representation!;  of  the  Loren  tv. 


group  is  concur  nod,  there  are  or,  cor;  Hally  t„-o  approachesi  (l)  the 

infinitesimal  approach,  in  which  one  finds  the  mar. rice-,  rcirrenpond  ing  to 

infinitesimal  generators  in  a  given  representation  an  l  expresses  matrices 

corresponding  to  finite  group  elements  as  exponential  functions  of  the 

genera .ors  (Sargmur.n  19^7)}  and.  (.7)  the  global  approach,  in  whicn  the 

representations  are  realized  as  operators  do fined  over  an  abstract  space 

of  functions  (Gel* land  and  ) la i nark  '.94:'>,  1947). 

Recently,  the  authors  (Curmeli  1970;  Carmoli  and  dal in  1971 ,  1972) 

introduced  a  generalized  Fourier  transformation  which  enabled  them  to 

use  the  global  approach  for  expressing  infinite-dimensional  representations 

7 

in  term-  of  matrices,  generalising  trie  spinor'  form  of  finite-dimension.:.! 
representation  to  the  infinite-dimensional  case.  V/nile  the  usual  spinor 
representations  are  non-uni tary,  this  new  form  describes  both  unitary 


and  non-unitary  representations. 

The  purpose  of  the  present  review  is  to  summarize  those  recent 
developments  in  the  theory  of  representations  of  the  Loren tz  group. 

Sections  2  and  3  include  reviews  of  the  infinitesimal  approach  and  of 
the  finite-dimensional  representations  of  the  group  3L(2,  G).  The  content 
of  these  sections  is  well  known,  but  is  given  here  for  completeness  and  to 
establish  the  notation.  The  principal,  complementary,  and  complete  series 
of  representations  are  then  discussed  in  Sections  4,  5,  and  6,  respectively. 

Throughout  the  paper  we  adopt  the  now  standardised  notation  and 
terminology  of  Nalmark  (l9u^). 
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2.  THE  INFINITESIMAL  APPROACH 


A.  Infinitesimal  Lorontz  Matrices 

A  linear  transformation  g  of  t.he  variables  x-^,  x^,  x^  and  which 

2 


2  2  2 

leaves  the  form  x^  +  +  x^ 


x^  invariant  is  called  a  Lorontz  trans¬ 


formation.  The  aggregate  of  all  such  linoar  transformations  g  provides  a 
group  which  is  called  the  Lorentz  group.  If  >  lf  tho  transformation  is 

called  orthochroneous.  The  aggi'egate  of  all  orthochror.eous  Lorentz  trans¬ 
formations  provides  a  subgroup  of  the  Loi’sntz  group.  The  determinant  of 
every  Lorentz  transformation  is  equal  to  either  +1,  in  which  case  the 
transformation  is  called  proper,  or  to  -1,  in  which  case  it  is  called  improper. 

The  aggregate  of  all  proper,  orthochroneous  Lorentz  transformations  also  forms 

8 

a  group  which  is  a  subgroup  of  the  Lorentz  group.  Throughout  this  paper  we 
will  be  concerned  with  the  group  of  all  proper  orthochroneous  Lorentz 
transformations.  This  group  is  denoted  by  L. 

Rotations  a-^(Y),  a2(Y)»  a^(Y)  and  Lorentz  transformations  b^(v), 

b^CY),  b^(y),  around  and  along  Ox^,  0x2>  Ox^  can  then  be  written  explicitly.' 
The  infinitesimal  matrices  a  and  b  of  the  group  L  are  defined  by  ^ 

r  L  dY  r  L  dY  J  Y  =  0  (2.1) 


and  satisfy  the  commutation  relations 


LV 

a  . 
J- 

1  ~  2 ijkak 

[v 

b. 

J- 

1  "eijkak 

(2.2) 

[v 

b. 

J- 

”  2 i jkbk* 
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B.  Infinitesimal  Operators 

We  denote  an  arbitrary  linear  representation  of  the  group  L  in  a  Banach 

11 

space  B  by  g  ->  T  and  for  com  jnicnce  we  put 


=  Ta  (Y),  Br<*>  “  Tb  (Y).  (2‘3) 

r  r 

The  basic  infinitesimal  operators  of  the  one-parameter  groups  A^Cy) 

1 2 

and  B  (y)  are  then  defined  by 
r  \ 


=  f  <iA„(Y)  1 

L-fe-  J 


B 


r 


L  d»  J 

Y  =  0 


(2.4) 


\ 


if  the  representation  is  finite-dimensional.  If  the  representation  g  -»  T 

is  infinite-dimensional,  however,  the  operator  functions  A^(y)  and  Br(Y)  ■ 

might  be  non-differentiable,  but  there  may  still  exist  a  vector  x  for  which 

13 

Ar(Y)x  and  Br(Y)x  are  differentiable  vector-functions. 

\ 

A  representation  g  -*  T  of  the  group  L  is  completely  determined  by 

a 

its  infinitesimal  operators  A^  and  B^,  i  =  1,  2,  3*  The  determination  of 

the  irreducible  representations  of  the  group  L  is  based  on  the  fact  that  the 

basic  infinitesimal  operators  of  a  representation  satisfy  the  same  commutation 

relations  that  exists  amc;.g  the  infinitesimal  matrices  a  and  b  : 

r  r 

[v  AJ =  i-kV 

[Bl>  Bj]  =”eijkAk’  <2'« 

[V  Bil  ■  hjkV 


Defining  now  the  operators 

\ 

%  =  iA  +  A2,  =  iA3 

F*  =  iBx  +  B2,  F3  =  iB3, 

5 


1 


one  finds 


[%  .  hJ  s  +  %  ,  [h+,  Ii_]  = 


211 


3. 


[>  f5]  s  t  "f  [F+*  FJ  = 


-2IL 


[H+,  F+]  =  0,  flLj,  FJ  =  0,  f H+ ,  Ft1  =  +2F, 


[V  *3]  =  *F±’  [Fi’  H3J  =  *F±* 


(2.7) 


The  problem  then  reduces  to  the  determination  of  H+,  H^,  F+,  F^  satisfying  the 
conditions  (2.7). 

\ 

Now,  since  the  three-dimensional  pure  rotation  group  0^  is  a’  subgroup 

of  the  proper,  orthochroneous  Lorentz  group  L,  obviously  every  representation 

of  L  is  also  a  representation  of  0^.  Clearly,  if  a  given  representation  of  L 

is  irreducible  it  need_ not  be  irreducible  when  considered  as  a  representation  of  CU. 

In  fact,  any  infinite)(representation  of  L,  when  regarded  as  a  representation  of  ^ 
0^,  is  highly  reducible;  it  is  equivalent  to  a  direct  sum  of  an  infinite  number 

of  irreducible  representations.  The  space  R  of  any  irreducible  representation 

of  the  group  L  is,  therefore,  a  closed  direct  sum  of  subspaces  M^,  where  M*"' 

is  the  (2 j+l)-dimensional  space  in  which  the  irreducible  representation  of 

weight  j  of  the  group  0^  is  realized. 

Following  the  standard  convention,  one  chooses  the  2j+l  normalized  eigenvectors 
of  the  operator  as  the  canonical  basis  for  the  subspace  M^,  Let  these 

base  vectors  be  denoted  as  f^,  where  m  =  -j,  -j+1,  ...,  j,  the  superscript  j 

1  l  !a 

indicates  the  subspace  to  which  f^j  belongs,  and  the  subscript  is  the  eigen¬ 
value  of  the  operator  A  detailed  investigation  of  the  commutation  relations 

(2.7)  in  terms  of  the  canonical  basis  rjj  leads  to  the  following  conclusions: 
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(a)  Each  irreducible  representation  of  the  group  L  is  characterized  by 
a  pair  of  numbers  (Jq,  c),  where  is  integral  or  ha If -integral,  and  c  is 
a  complex  number. 

(b)  The  space  R  c)  of  any  given  irreducible  infinite-dimensional 

representation  of  the  group  L  is  characterized  by  the  integer  or  half-integer 
Jq  such  that  ROq,  c)  =  M*^  €  $  ...  .  The  whole  space  R(jQ>  c)  is 

spanned,  therefore,  by  the  set  of  base-vectors  f^,  where  j  =  j^t-l,  jQ+ 2, 

. ..,  and  m  =  -j,  j+1,  . ..,  j.  If  the  given  irreducible  representation  is 
finite-dimensional  than  the  direct  sum  of  the  subspaces  M's  terminates  after 
a  finite  number  of  terms. 

(c)  A  given  representation  is  finite-dimensional  if  and  only  if  c  = 

(Jq  +  n)  ,  for  some  natural  number  n. 

(d)  The  irreducible  representation  corresponding  to  a  given  pair  (Jq,  c) 
is,  with  a  suitable  choice  of  basis  f^  in  the  space  of  representation,  given 
by  the  formulas^ 

“+  *£  “  L<.1  »>/  4;1 

"3  4  =  “  4 

*+  4  = ;  » ">  tii  -1’/ 

-  jo* »)  a  t  -  *  i)  j*  Aj  fi^ 

1 

+  l-(j  +  a  +  1)  (j  +  m  +  2)JZ  C.+1 

*34  [0  -  ">  (i  +  ">/  ci  4'1  - 

1 

-  [(J  +  m  +  1)  (j  -  m  +  1)J2  Cj+1 


pi+i 

m+1 


J+l 


(2.8) 
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Hero  A.  =  i  c  jQ  /  j  (j  +  1),  and  C.  =  i  (j2  -  j2  V  (/  -  c2)  7  j  (Aj2-!)*. 


(e)  To  each  pair  of  numbers  (jg,c),  where  jg  is  integral  or  half-integral 
and  c  is  complex,  there  corresponds  a  representation  g  -*  T  of  the  group  L, 

B 

whose  infinitesimal  operators  are  given  by  Eqs.  (2.8). 


G«  Unitarity  Conditions 

1 6  17 

If  the  representation  g  -*  T  of  the  group  L  is  unitary,  *  '  then  Eqs. 

S 

(2.8)  satisfy  certain  conditions  which  are  summarized  below. 

Let  A  be  an  infinitesimal  operator  of  a  unitary  representation  g  -*  T 

S 

of  the  group  L.  Then  A(t)  -  Ta^  is  a  unitary  operator  and  therefore  its 
adjoint10  Ja( t)j  CA(t^  ~1  x  A  (-t).  Accordingly  (A(t)f,  g)  =  (f,  A(-t)  g). 
Differentiating  both  sides  of  this  equation  with  respect  to  t  we  obtain  for 
t  =  0, 

(Af ,  g)  ~  -  (f ,  Ag) .  (2.9) 


Using  this  relation  one  then  easily  finds  that 


(H+f,  g)  =  (f,  H_  g),  (Ejf,  g)  s  (f,  Hjg), 


(2.10) 


(F+f,  g)  =  U»  F_  g),  (F3f,  g)  =  (f,  F3g). 

A  systematic  use  of  Eq.  (2.10)  in  (2.8)  then  leads  to  the  followings  If  the 
irreducible  representation  p  -•  T^  of  the  group  L  is  unitary  then  the  pair  (jg,c) 
characterizing  it  satisfies  either  (a)  c  is  purely 
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imaginary  and  jQ  is  an  arbitrary  non-negative  integral  or  half-integral 
number*  or  (b)  c  is  a  real  number  in  the  intervals  0  <  o  <  1  and  jQ  -  0. 
The  representations  corresponding  to  case  (a)  are  called  the 

2l  ^mrosontations  and  those  corresponding  to  case  (b) 
aro  called  tho  conplomsntayy  series. 
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3.  SPINOR  REPRESENTATION  OF  THE  LCRENTZ  GROUP 


A*  The  Group  SL(2,  C)  and  the  Lorenta  Group 

In  what  follows  we  will  use  the  fact  that  elements  of  the  proper, 
orthochroneous,  Lorontz  group  L  can  be  described  by  means  of  elements  of 
SL(2,  c),  the  group  of  all  2x2  complex  matrices  with  determinant  unity.  The 
relation  between  these  two  groups  can  be  established  as  follows. 

Let  x^  and  x^,  with;*,  p  -  1,  2,  3*  4,  describe  the  coordinates  of  two 
Lorenta  frames,  related  by 


(3.1) 


where  gel..  One  associates  with  each  coordinate  system  x 
op  “  OL 

matrix  Q  defined  by 


a  2x2  Hermitian 


Q  = 


vhero  ,  k  -  1,2,3,  ar®  the  Pauli  spin  matrices, 


(3.2) 


=  (°  4) 

(  1  o  /  > 


(3.3) 


and  cA  is  the  2x2  unit  matrix.  In  terms  of  the  Q's  one  demands  that  the 
coordinate  transformation  (3.1)  be  expressed  as 


Q*  =  a  Q  a-*", 


(3.4) 


where  a  is  an  element  of  SL(2,  C),  Q*  =  x'cr^,  and  a+  is  the  Hermitian 

r 

conjugate  of  a.  One  then  finds  that  the  relation  between  ae  SL(2,  C)  and 
10 

g  e  L  ars  given  by  ' 
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0.5) 


g  =  i  Tr(c^aoV), 

It  thus  follows  that  tho  group  L  is  homomorphic  to  tho  group  SL(2,C) 
such  that  to  every  element  g  e  L  thoro  correspond  two  matrices  +  a  £  SL(2,  c) 
and,  conversely,  to  every  a  e  SL(2,  C)  there  corresponds  some  element  g  e  L. 
Accordingly,  the  description  of  the  representations  of  tho  group  L  is  equivalent 
to  that  of  the  group  SL(2,C);  a  representation  g  -*  of  L  is  single-  or 
double-valued  according  to  whether  or  not  T  is  equal  to  T  or  pot. 

B.  Spinor  Representation  of  the  Group  SL(2,  c) 

We  now  construct  the  spinor  representation  which  contains  all  the 
irreducible  finite-dimensional  representations  of  the  group  SL(2,  c). 

We  denote  by  the  aggregate  of  all  polynomials  p(rz,z)  in  the  variable 
z  and  its  complex  conjugate  z  of  degree  not  exceeding  m  in  z  and  n  in  z,  where 
m  and  n  are  fixed  non-negative  integers  determining  the  representation.  The 
space  is  a  linear  vector  space  where  the  operation  of  ad .11  ‘  1  ..  nd 
multiplication  by  a  number  are  defined  in  the  usual  way  for  polynomials. 

An  element  of  the  group  SL(2,C)  will  be  denoted  by 

(  *  L  \ 

i  ~  \  c  cU  (3.6) 


where  a,  b,  c,  and  d  are  complex  numbers  satisfying  the  condition 


ad  -  be  =  1. 


Define  the  operator  T  in  P  by 

g  mn 


ri  r<*'3>  ■  (gj\  (3.n 


li 


The  correspondence  g  -»  T  is  a  linear  representation  of  the  group  SL(2,C) 

E 

as  can  be  easily  verified.  This  is  the  spinor  representation  of  SL(2,C) 
of  dimension  (m  +  l)i(n  +  l). 

In  order  to  relate  this  representation  to  the  2-component  spinors,  one 
realizes  it  in  a  somewhat  different  way. 

One  considers  all  systems  of  numbers  0.  ,  Y  Y  symmetrical  in 

,  ***v 

both  the  indices  Ax , . . . and  in  X1,.».,Xn  taking  the  values  0  and  1. 

The  set  of  all  such  systems  of  numbers  provides  a  linear  space,  denoted  by 
S  of  dimension  (m  +  l)(n  +  1). 

A  one-to-one  linear  mapping  between  the  spaces  P  and  S  can  easily 

mn  mn 

be  established.  To  each  system  d.  .  *  e  S  there  corresponds  the 

*  m  *  n 

ilynomial 


A, +••■»**  _ 


(3.8) 


of  degree  not  exceeding  m  in  z  and  n  in  z,  and  therefore  p(z,z)  e  p^.  On 
the  other  hand  every  polynomial 


'f  ?«  ^  5-  (3.9) 

r ,  i 

in  can  be  written  in  the  form  (3*8)  if  one  relate  the  0's  and  p's  by 
means  of 


m  /  n  i 


? 


with  A* 


^  A 
m 


and  Xx 


+  X  =  s« 
n 


(3.io) 
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A  second  form  of  the  spinor  representation  is  then  obtained  if  one 
applies  the  polynomials  (3*8)  in  Eq.  (3*7) .  One  obtains 


(3-11) 


A  \y*i  At- 

i , .  ■  •  j 

where  we  have  used  the  notation 


<t>  .  •  2LaA.»/" “m,"'  (3»i2) 

V.-4 


and  where  axl  =  a,  al0  -  b,  a0,  =  c,  and  a^o  =  d. 

The  quantity  $  ^  ^  ^  is  a  spinor,  symmetric  in  its  m  undotted 
indices  and  in  its  n  dotted  ones,  whereas  Eq,  (3«12)  expresses  its  trans¬ 
formation  law  under  the  matrix  a  e  SL(2,C). 


C,  Infinitesimal  Operators  of  the  Spinor  Representation 

We  now  find  the  infinitesimal  operators  H+,  H  ,  H^,  and  F+,  F  , 
of  the  spinor  representation  discussed  in  the  last  subsection. 

The  one-parameter  subgroups  of  SL(2,C),  corresponding  to  the  one-parameter 
subgroups  al£  (t)  and  ^(t)  of  the  group  L,  can  easily  be  obtained  using 

OQ 

the  formula  (3*5)*~  In  terms  of  the  infinitesimal  matrices  a  and  b  of 

r  r 

the  group  SL(2,C)  they  can  be  written  as 


%(t)  =  exp(t  ak),  tj,(t)  »  exp  (t  b^  ) , 
where  a.t  -  io*/2  and  b^  -  0>l  /c,  and  where  o* 


(3*13) 


are  the  Pauli  spin  matrices  given 


by  Eq,  (3«3)«  Using  the  matrices  a*  (t)  and  b^t)  in  (3*7) >  differentiating 
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both  sides  of  the  obtained  equations  with  rocpoct  to  tho  variablo  i,  and  putting 
t  s  0,  gives  the  expressions  for  tho  operators  and  ,  from  which  one 
then  obtains  tho  operators  H*s  and  F's: 


H+ 

F+ 

F- 

r-i 


C>  -  »  D  “ 

;  -  3, 

i  *  a  i  ^ 


r1  i  +  p. 

_S> 

.  t  (  ?  .  _  -  3 

\  *\  -A 


Si  +  3- 


^  ^ 

a 

u-  i"  r-  ♦  P- 


-  ^  y 

+  j  ( wi  - 

+ 


( -  ^  3.  i 


4- 


-  t 


*  J,|  -  i 


(3.14) 
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4.  PRINCIPAL  SERIES  OF  R12PRES LJi TATI OHS  OP  SL(2,C) 


A.  The  Hilbert  Spacos  L^S  (SU2 )  and 

In  its  global  form  the  principal  series  of  representations  was  introduced 
(Naimark  1964)  as  a  set  of  oporators  ovor  tho  Hilbert  space  of  functions 
14'  (SU0)(  a  sub-space  of  leCSUy)^  defined  as  follows. 

The  Hilbert  space  (SUa )  is  defined  as  the  set  of  all  functions 
0  (u),  where  u£SUa ,  which  are  measurable  and  satisfy  the  condition"5 

J  <  0,5  (4.D 

The  soalarproduct  is  defined  by 

*  I  ft(u)  71*~)  ^*2) 


Corresponding  to  any  integer  or  half-integer  s  we  now  define  a  Hilbert 

2  s  ' 

space  L.2(SUc),  which  is  a  sub-space  of  Iq  (SU^) ,  as  follows: 

0  (u)  e  l2S(SU2)  if  0  (u)  e  L2(SU2)  and 

$  (ru)  =  c 

r  0  i, 


where  y  e  SU2  is  given  by 

O  \ 

o  eif'* )  *  (4.4) 

The  scalar  product  is  again  given  by  Eq,  (4.2). 

L2(SU2)  is  the  direct  sum  of  all  the  spaces  for  all  iniegral 

values  of  2s. 
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The  generalized  Fourier  transformation,  to  be  introduced  at  the  end  of 
the  section,  transforms  each  Hilbert  space  into  a  Hilbert  space  , 

which  is  defined  as  follows  (Carmeli  19?0): 

Consider  all  possible  systems  of  numbors  0^,  where  m  =  -j,  -j  +  1, 
j  and  j  -  Jsj  ,  JsJ  +1,  js |  +  2,«««  with  the  condition 

22  <  AJ  *  4)  2T-  .  i  1  *  <  00  (4.5) 

j  r  I  il  "  J 


The  aggregate  of  all  such  systems  0^  forms  a  Hilbert  space,  denoted  by  £2  S, 
where  the  scalar  product  is  defined  by 

j 


21  (ijfi)  z  J  f  J 


-  j 

.1  a  23 


(4.6) 


for  any  two  vectors  and  y  of  0,S. 
^  mm  ^ 


Let  us  show  now  that  for  any  integral  or  half-integral  value  of  s  the 
two  Hilbert  spaces  L^S  ( S'J 2)  and  ^  are  isometric  ,  and  derive  the  trans¬ 
formation  between  them. 

Let  T^m  (u)  be  the  matrix  element  of  the  irreducible  representation  of 
the  group  SU^  corresponding  to  the  eigenvalue  j(j  +  1)  of  the  Cosimir  operator 
J  .  The  functions  T^m  (u)  satisfy  (Naimark  1964) 


T^(r-)  -  c"fr,:  (u, 


(4.7) 


and  for  a  fixed  value  of  s  they  provide  a  complete  orthogonal  set  for  the  Hilbert 
space  L2  (BU£)  ar  m  =  -j,  -j  +  1,..,,  j  and  j  =  |  s  |  ,  |  s  I  +1,  |  s/  +2,.., 

(Canneli  1969).  The  functions  T^m  (u)  satisfy  the  orthogonality  relation 


T /  (uj  T 


S  ha 


$ 


(  M  )  J<A.  - 
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Consequently, 


any  function  0(u)  « 


l|S(StL>) 


can  be  Uniquely  expanded  in  the  form 


(4.9) 


where 


rL 


(4.10) 


It  can  be  easily  shown  that  the  system  of  numbers 
only  if  the  corresponding  function  0(u)  satisfies 
L?°(SU0)  and$?s  arc,  therefore,  isometric  and  the 
by  the  "generalized  Fourier  transformation"  (4.9) 


satisfies  Eq.  (4.5)  if  and 
m 

Eq.  (4.1).  The  Hilbert  spaces 
mapping  between  them  is  given 
and  (4.10). 


B.  Realization  of  the  Principal  Series  of  Representations  in  the  Spaces  L^SLE,) 
We  are  now  in  a  position  to  introduce  the  realization  of  the  principal 

seriWTrepresentations  of  the  groun  SL(2,  C)  in  the  Hilbert  space  (St^). 

22 

To  this  end  we  proceed  as  follows. 

Let  us  denote  by  K  to  aggregate  of  all  elements  k  of  the  group  SL(2,C) 


■where  k  has  the  form 


(4.11) 


with  1,  p  complex  numbers  and  X  ^  0.  One  can  easily  verify  that  the  set  K  forms 
a  subgroup  of  the  group  SL(2,  C). 

We  now  construct  the  set  of  right  cosets  of  the  group  SL(2,  C)  with  respect 
to  the  subgroup  K. 

Each  right  coset  consists  of  all  the  element  kg',  where  g'  is  a  fixed 

element  of  SL(2,  C)  and  k  varies  over  the  subgroup  K.  Each  coset  will  be 
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denoted  either  by  Kg'  or  by  ]<g'  -  g  whoru  g  is  an  arbitrary  element 
belonging  to  the  oosot  Kg'. 

It  can  be  oasily  shown  t)iat  every  element  g  c  SL(2,  C)  can  be  represented 
in  tho  form 


g  -  ku;  kcKj  ue  SU^.  (4.12) 

It  follows  from  Eq.  (4.12)  that  if  an  element  g  e  SL(2,C)  belongs  to  a  given 
coset  g,  then  k^g  ~  u  e  2U^  also  belongs  to  the  same  coset.  Therefore  each 
coset  g  contains  elements  of  the  group  SU^* 

Furthermore,  the  decomposition  (4.12)  is  not  unique  since  g  =  ku  =  k'u'; 
k,  k’  c  K;  u,  u*  e  SU2  (4.13) 

where 

k'  =  kY  u*  =  Y_1u  (4.14) 


with  Y  an  arbitrary  element  of  the  subgroup  fi 


r  : 


u 


A JL 


cJL 


(4.15) 


Therefore  each  coset  g  contains  a  one-parametric  set  of  elements  belonging 

to  SU2. 

Let  us  denote  by  ug  an  arbitrary  element  (matrix)  of  the  coset  =  Kug 
which  belongs  to  SU2.  It  can  be  proved  (Naimark,  1964)  that  any  principal  series 
representation  corresponding  to  the  pair  of  parameter  (s,  j>  ),  where  s  is  an 
integer  or  half-integer,  and  is  real} can  be  formulated  as  follows:  to  every 
element  g  e  SL(2,  C)  there  corresponds  an  operator  V  defined  over  the  space 

O 

L^S(SU2)  by 
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(4.16) 


^  C  u j ) 


&(u.g) 


for  all 


(  u  )  C  ly  x  (SU±  )  j  is  s;v.n  by 

aij)  ■  5“ 


(4.1?) 


for  an  arbitrary  g  e  SL(2,  C).  ug  is  an  clement  of  the  right  coset  ug  defined 
above. 


To  facilitate  practical  applications  of  the  representation  formula 

1 

(4.16)  we  derive  now  (a)  an  explicit  expression  for  the  matrix  ug  in  terms  of'- the 

matrices  u  e  SUg  and  g  e  SL(2,C).  The  expression  will  involve  a  phase  factor 

which  can j be  chosen  arbitrarily;  (b)  the  ratio  — appearing  in  formula  (4.16) 

a(ug) 

for  two  cases  of  particular  interest:  (i)  g  is  unitary;  (ii)  g  is,  of  the  form 


(4.18) 


where  is  real. 

(a)  Let  us  denote  the  matrix  ug  by  u'.  Thon  u'  can  be  written  as 


with  the  condition 

/*'  I ^  I/1'/'  -  1  . 


(4.19) 


(4.20) 
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According  to  Eq.  (4.12)  ug  can  bo  written  in  the  form  =  k.ug  =  ku* 

where  k  is  a  matrix  having  the  form  given  by  Eq.  (4.11).  If  one  denotes  now 

;  \ 
ug  gV  then  one  ^as  g'  =  ku',  or  explicitly  ;  ' 


/  *'4  m/-'  r' y 

U  x )  W'  *  J 


(4.21) 


This  gives 

\ 

§■'.  -  '  / 

3 

\ 

i 

from  which  one  obtains 

i 

1 

X  * 

(*'■  - 

V 

1 

/I.  ^  V 

* 

Furthermore,  using  the  condition  (4,20)  one  obtains 


(4.22) 


\ 


(4.23) 


U  ! 


X 


(4.24) 


But  g'  »  ug.  Let  us  denote  u  by 


I  W  {< 

u(4  \ 

/  * 

/■ ) 

a  ~ 

\  u», 

u4i  1 

1-? 

*  J 

(4.25) 
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and  g  by 


(4.26) 


then 

(  ^  (4_2?) 
\$»  3A  J  \-pS»*«fa  ’i*fa¥S5»)- 


if  we  write  now  /\  =  111  exp  (i  A),  where  A  is  some  real  number  (phase),  then  one 

finally  obtains  for  (4.23)  and  (4.24) 


U'  *  (-(*  fa  +  I*  r>  C  ^ 

(i‘  ~  (f*  f„  ~  )  1*1  £  (4.28) 


and 


hi1,  =  I/3 9'-  '  ia+  1  *  tu-  I  • 


(4.29) 


Hence,  ug  is  determined  by  means  of  u  and  g  up  to  an  arbitrary  phase  factor. 
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(b)  (i)  lot  g  be  a  unitary  matrix  u0  with  determinant  unity: 


Ua  = 


)*.!'  t  I fi.l2  =  1 


Then  one  obtains  from  Eqs.  (4.28),  (4.29) 

oL‘  =  (-Pf.  *  fiiA 

—  .  -  i/i 

•=  (  0<t  +  fi.)  & 

111*  i 

and,  accordingly 


o*  (  U.  w., ) 

o<(^U,) 


i  t‘s  A 


(ii)  g  is  the  matrix  given  by  Eq.  (4.18).  One  then  obtains 

o <'*  *  £i.1  I?  I'1  e  lA 

/*'•  f  *:l  hr4 

hi2  =  If  I*  ^zl2  +  U/1, 


and 


> 


*1 


if -l 


3,1  f  A 

e 


i 

-i 

■1 

(4.30)  '  : 


(4.3D 


(4.32) 


(4.33) 

(4.34) 


(4.35) 
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O  c 

C.  Realisation  of  tho  Principal  Series  of  Representations  in  tho  Space 


Using  the  generalised  Fourier  transformation,  introduced  in  Sec.  4A, 
wg  oxpress  now  the  representations  belonging  to  the  principal  sories  as  infinite¬ 
dimensional  matricoe,  the  dements  of  which  will  be  explicitly  given  as  integral 

over  the  group  SU^.  One  first  notices  that  T^m(u)  is  an  element  of  the  Hilbert 
2<; 

space  (SU^).  Thorefore  Ecj.  (4.16),  which  exprosses  a  givon  principal  series 
representation^  can  be  applied  to  T^( u )  to  yield 


V*  rsl  m 


*  (u<?  1 

* 


(4.36) 


From  Eqs.  (4.9),  (4.16),  and  (h.36)  we  have 


V,  (Hu)  -  I  <4*0  Z  *1  T/_  (“Jl  (4.37) 


Since  (ug)  is  a  vector  in  the  Hilbert  space  L^S(SU0)  it 

odug)  tpf  they 

can  be  expanded  as  a  seriesifdrm  (4,9).  One  obtains 


7$,  T.l  C*J>  -  I.  (,.38, 


where,  because  of  Eq.  (4.10) 


V 


(  u.*j  ) 


(y  S,f)  =  S  ~~  r;  (u|)  -r/.  <_„>4~ 

Wtv-'  0  '  i  Jl  (uj)  *  ►"  o  i  ** 


(4.39) 


Combining  Eqs.  (4.37),  (4.38)  one  finally  obtains 
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(4.40) 


v,t»  (“)  --  1  l  -  ni  (u.) 

#  j  ** 


where 


*  X  <aJ  +  '>  2-,  tX 

J  -  jil  ms  -j 


(4.41) 


Thus  the  operator  of  the  principal  series  of  representations  of  SL(2,  C) 

2s 

in  the  space is  the  linear  transformation  determined  by  Eq.  (4.41)  describing 

the  law  of  transformation  of  the  quantities  where  j  =  |s|,  |s|  +1,  |s|  +2,... 

and  m  s  -j,  -j  +  1,  ...,  j.  The  coefficients  V^jjt  (gj  s,  p)  are  functions  of 

g  e  SL(2,  C)  and  p  and  s,  where  ^  is  real  and  2s  is  an  integer.  These  functions 

are  the  matrix  elements  of  an  infinite-dimensional  matrix,  whose  rows  are  labeled 

by  (j,  m)  and  columns  -  by  (j',  m1).  They  are  given  by  Eq.  (4.39)  as  integrals 

over  the  group  SUg. 

It  will  be  noted  that  the  quantities  whose  transformation  law  is  given 
by  Eq.  (4.41),  were  obtained  from  the  representation  formula  (4.16),  in  analogy 
with  the  way  2-component  spinors,  transforming  according  to  Eq.  (3*12),  both 
being  coefficients  appearing  in  the  spaces  of  representations, 

D.  Comparison  with  the  Infinitesimal  Approach 

We  have  seen  in  the  present  section  that  all  the  irreducible  representations 
of  the  group  SL(2,  C)  belonging  to  the  principal  series  are  characterized  by  a 
pair  of  numbers  (s,  f>  )  where  s  is  an  integer  or  half-integer  and  p  is  real. 

If  the  representation  is  given  in  a  global  form,  the  space  of  the  representation 
depends  on  the  value  of  s  (see  Sec.  4A)  and  the  operators  depend  on  both  s  and  f 
(Eqs.  (4.16),  (4.1?)). 
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The  principal  series  was  already  dofinod  in  torms  of  the  infinitesimal 
operators  in  See.  2C.  It  was  found  to  depend  on  a  pair  of  papametors  c) 

where  j  takes  the  values  0,  f  1,  3/2*...  and  c  is  pure  imaginary.  The  values 
of  these  parameters  occurred  in  the  formulae  for  the  infinitesimal  operators 
(Eq.  (2.3)). 

By  applying  the  global  form  of  a  given  representation  to  infinitesimal 
elements  of  the  group  SL(2,  C)  one  can  calculate  the  infinitesimal  operators 
of  the  representation.  By  comparing  the  infinitesimal  operators  thus  obtained 
with  the  results  of  Sec.  2  one  establishes  the  relationship  between  the  pairs  of 
parameters  (s,  ip)  and  (jQ,  c).  The  result  is  as  follows: 

?or  j  =  0,  one  obtains 

o 

s  =  0  ^  c=+i-|,  (4.42) 

and  for  j  ^  0,  one  obtains 

c 

J0  =  s  c  =  -i“  if  s  >  0 

(4.43) 

jQ  =  s  c  =  i  —  ifs<0* 
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5.  COMPLEMENTARY  SERIES  OF  REPRESENTATIONS  OF  SL(2  C) 


A.  Realization  of  the  Complementary  Series  of  Representations  in  the  Space  H. 

In  Sec.  4  the  principal,  series  of  representations^  which  is  unitary  and 
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irreducible,  was  realized  as  sets  of  operators  on  the  Hilbert  spaces  (SU,). 

The  scalar  product  was  given  simply  by  Eq.  (4.2)  and  the  operators  were  defined  by 
Eqs.  (4.16),  (4.17). 

The  principal  series  of  representations,  however,  do  not  realize  all 
irreducible  unitary  representations  of  the  group  SL(2,  C),  Rather,  every  irreducible 
unitary  representation  of  the  group  SL(2,  C)  is  unitarily  equivalent  to  a 
representation  of  either  the  principal  series  or  the  complementary  series  of 
representations. 

Formally,  the  complementary  series  of  representations  formulae  can  be 
obtained  from  that  of  the  principal  series  formuale  (4.16)  if  one  takes  f3  -  i°  and 
s  =  0  in  the  latter  and  assume  that  now  °  is  real  and  has  the  values  (Xo<2 
(Naimark  1954).  Unfortunately,  the  operators  thus  defined  are  not  unitary 
in  the  scalar  product  (4.2):  Eq.  (4.16)  defines  a  unitary  operator  if  and  only 
if  a(g)  is  defined  by  Eq.  (4.17)  with  P  real. 

A  realization  of  the  complementary  series  representations  in  terms  of  unitary 
operators  is,  however,  possible  on  the  Hilbert  space  of  H  to  be  defined  as 
follows. 

Let  H  denote  the  set  of  all  bounded  measurable  functions  0(u),  where  u  is 
an  element  of  SU2,  satisfying  the  condition 

0(Yu)  =  0(u),  (5*1) 

and  where  \e  SU^  is  given  by  Eq>  (4.4).  [The  condition  (5*1)  Is  in  fact  identical 

with  (4.3)  for  the  case  s  =  C.}  Introduce  in  H  the  scalar  product 
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<4>v  02>  =  n  JJ  K  (u*  u"  _1  )  ^  (u‘)  02  (u**)  du'  du"  (5*2) 

for  0^,  02  6  H.  Here  K  (u'  u"-^)  is  a  kernel  function  defined  by 

K  (u)  =  |v»2ll°“2,  (5.3) 

where  0  <  o  <  2  and  the  integral  on  the  right  hand  side  of  Eq.  (5*2)  converges 
absolutely.  The  space  H  can  be  shown  to  be  Euclidean,  whose  completion  (which  is 
a  Hilbert  space  "  )  we  denote  by 

In  the  Hilbert  space  H^,  the  operators  V  of  a  representation  of  the 
complementary  series,  defined  in  complete  analogy  with  the  principal  series,  are 
unitary.  Explicitly,  the  definition  of  V  is  as  follows: 

Vg  ^(u)  =  <5.*0 


where  0  c  H  and  o(g)  is  given  by 


a  (g)  =  U22J  CT"2  (5.5) 

for  any  g  e  SL(2,  C)  and  0  <  a  <  2.  The  representations  thus  defined  are 
irreducible  and  unitary. 


27 


B.  Orthogonal  Set  in  the  Space  H 


We  now  defino  a  set  of  functions  which  provides  an  orthogonal  basis  in 
the  space  H.  It  is  given  by 

^(u)  =  Tom(u)  (5*6) 

for  j  -0,  1,  2,  3...  and  m  =  -j,  -j  +  1,  j,  where  the  (u)  were  defined 

in  Sec.  4C  and  N  .  is  a  real  normalization  factor  whose  value  is  given  by 
J 

Nj  =  (nj  K(u)  T^(u)  du  }~K  (5.7) 


The  integration  involved  in  the  definition  of  N.  can  be  carried  out  to 

4J 

yield  an  expression  of  the  normalization  constants  as  a  finite  sum  of  Euler 
B  -  functions.  The  result  is  (Carmeli  and  Malin  1971) 

N  “2  =  tt  T  (-)3j"m  (‘j)2  B  (m  +  1,  j  +  |  -a)  (5.8) 

J  m=o 

,  2k 
where 


B  (x,y) 


r  M  lill 

f  (x+y) 


(5.9) 


To  show  that  t^  indeed  provide  an  orthogonal  basis  in  K  we  calculate  the 
scalar  product 
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"-if k 


(5.10) 


r  ^  [f  kr  (U‘)jU' t  it  (M..j  ^ 


# 


By  making  the  transition  u'  -*  u*  u"  in  the  integral  (5.10)  one  obtains 


<  t^l  ,  t^2  > 
“l  n2 


&  nM  V:  ff  K  (^'3  T J*  TJ*  ( u1’ )  ib*.  “ 

Jj  ->i  J  i  «>*,  e-H»  ’ 


(5.11) 


Using  the  relation 


J. 


T„J:  <uV>  -  I  TJ_;  (u,,  TJ;  (U-) 


0*vt 


K""J. 


(5.12) 


in  the  last  integral  we  obtain 


<  i1  ,  tfc  > 

1  ’  m2 


a  TT 


V.  v.  T  (  K(“')T  ^  f  T J'  U»,  T"  ( 

•  J.  f  j  -  —  .  J  omv/  J  ^ ,  omt 

4  4  IV*  *  -J 


(5.13) 
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Using  now  the  orthogonality  relation  (4.8)  that  the  matrices  satisfy,  we 
obtain 


< 


tl2 

m2 


“  j  \  K<u,) 


*j.  +  ' 


(5.14) 


which,  by  virtue  of 


t^l  ,  t^2  > 
ral  ra2 


Eq.  (5*7)  gives 

6mifr>2 

2jx  +  1 


(5.15) 


C.  Realization  of  the  Complementary  Series  in  the  Space  h 
In  arciLogy  with  the  generalized  Fourier  transformation,  introduced  in  Sec. 

4a,  between  the  space  L2S(SU2)  and  U.^3,  there  exists  for  the  complementary 
series  a  transformation  from  the  Euclideon  space  of  functions  H  fend  its  completion, 
the  Hilbert  space  H^)  to  a  Euclideon  space  of  systems  of  numbers  h  (and  its 
completion,  the  Hilbert  space  htf)  (Carmeli  and  Malin  1971). 

The  Euclidean  space  h  is  defined  as  the  aggregate  of  all  systems  of  numbers 
where  m  =  -j,  -  j  +  1,  ", . . ,  j  and  j  =  0,  1,  2,  ...,  satisfying 

Z  <m>>)  vj''  Zh  1  vLl1  ‘ 

j  '“'1  (5.16) 
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The  scalar  product  is  defined  by 


E  »{'  Z.Kvi 


h*  »  ■  J 


(5.1?) 


for  any  two  vectors  and  in  h.  The  coefficients  are  defined  by  Eq. 


(5.7). 

Q  j. 

In  analogy  with  Eqs.  (4.9)  and  (4.10)  relating  the  space  (SU,,)  and  2, 
the  correspondence  between  H  and  h  is  given  by 


f{ul  «  I  <»j  I  ii  <u> 


(5.18) 


and 


=  yj  <t ,  tj_>  t 


(5.19) 


where  was  defined  by  Eq.  (5«6).  Comparing 


with  Eq 


,  (5.18)  wo  see  that  0(u)  eH  if  and  only  if  the  corresponding  0^  eh. 


If  we  denote  now  by  the  completion*^  of  the  Euclidean  space  h,  then 
the  isometric  mapping  (5.18),  (5*19)  of  H  on  h  can  be  extended  in  a  unique  way 
by  continuity  to  an  isometric  mapping  of  on  h^.  The  operators  of  a 
representation  of  the  complementary  series  in  the  space  pass  over  into 
operators  in  the  space  h  ,  which  are  also  denoted  by  and  whose  explicit 
expression  we  find  below. 

Applying  Eq.  (5.4)  to  the  t^  gives 


i 

»-v* 


(u)  « 


« <  5 ) 


(5.21) 


Using  this  result  in  Eq.  (5.18)  yields 


V. 


twZdjtoy/'ZK  ti  (5.22) 


Expanding  (ug)in  the  series  (5*18)  we  obtain 


(5.23) 


Vj  4  ( «*)  - 

«  zuj z  l  ly^)  l‘-Lu> 

i  *"  J 


where,  because  of  Eqs.  (5*19)  and  (5*2) 


~y-\\  K<u'u«-q  — ‘i’  t,i  c»'ji> 


vji  (5',r)  '  11  Vj  n  ■’  ’  -c«-j 


(5.24) 
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Accordingly,  Eq.  (5« 23)  has  the  form 


V-  4  (u)  “  ?  ^ j  +  ^ 


J  /. 

'o 


- 1 


r 


(u'  (5-25) 


where 


IW‘D  X 

y.t  K*’-J 


(5.26) 


\ 

I 

Eq.  (5*26)  defines  a  linear  transformation  in  the  space  corresponding 

i  i ' 

to  the  operator  of  the  complementary  series.  V",  (g,  0)5  which  aro  given 
by  Eq.  (5.24-)  as  double  integrals  over  the  group  SU^,  are  functions  of  g  6  SL(2,C) 
and  o'  where  0  <  a  <  2.  These  functions  are  the  matrix  elements  of  an  infinite¬ 
dimensional  matrix,  where  rows  are  labeled  by  (j,  m)  and  columns  -  by  (j',  m'). 


D.  Comparison  with  the  Infinitesimal  Approach 

\ 

The  complementary  series  in  its  global  form,  as  defined  in  this’,  section, 
is  characterized  by  a  parameter  0,  whose  range  of  variation  is  0  <  o  <  2.  The 

value  of  o  determines  the  scalar  product  (Eqs.  (5.2)  and  (5, 3))  in  the  Hilbert 
space  of  representations  and  also  the  operators  of  the  representations  (eqs,  (5.4) 
and  (5*5)). 
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\  \ 

The  complementary  series  was  defined  in  Sec.  2  through  the  infinitesimal 
approach.  All  the  irreducible  representations  of  the  group  SL(2,  C)  were 
characterized  in  Sec.  2  by  a  ^air  of  numbers  (jQ,  c),  where  takes  the 
values  0,  i,  1  3/2,...  and  c  is  complex.  The  complementary  series 
representations  were  characterized  by  j  -  0,  0  <  c  <  1. 

To  establish  the  relationship  between  the  parameters  a  and  c  one 
applies  the  global  form  of  a  given  representation  to  infinitesimal  elements  of 
the  group  SL(2»C)  and  compares  the  infinitesimal  elements  thus  obtained  with 
the  results  of  Sec.  2.  The  result  is  \  ' 

I 

j0  ”  0,  c-+(<f/2),  (5.2?) 

I 
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6.  COMPLETE  SERIES  OF  REPRESENTATIONS  OF  SL(2,  C) 


A.  Realizations  of  the  Complete  Series  in  the  Spaces  LgS  (SUg)  and£gS, 

As  has  already  been  pointed  out  in  Sec.  5  all  the  unitary  representations 

of  the  group  SL(2,  C)  are  included  in  either  the  principal  or  the  complementary 
2< 

series.  J  Gol'faund  and  Naimark  (194?)  and  Naimark  (1954,  1964)  have 
shown  that  all  the  completely  irreducible  ’  representations  of  SL(2,  C) 

(i.o.  not  necessarily  unitary)  are  included,  up  to  equivalence,  in  a  series 
of  representations  known  as  the  complete  series. ^ 

We  define  here  the  complete  series  and  its  realization  in  the  spaces 
Lf  (S02)  and  jf . 

All  the  representations  of  the  complete  series  can  be  characterized  by  a 

pair  of  numbers  (s,  p)  where  s  is  an  integer  or  half-integer  anc  p  satisfies 

^  -4  C t s \  +  k)^,  k  =  1,  2,  3>  •••  and  is  otherwise  an  arbitrary  complex 

number.  The  pairs  (s,  p)  and(-s,  -p)  define  the  same  representation. 

All  the  representations  of  the  complete  series  can  be  realized  in  the 
2  s 

spaces  Lg  (SUg),  defined  in  Sec.  4A.  The  space  of  realization  depends 
therefore,  on  s  alone  and  is  independent  of  P.  A  given  representation  corres¬ 
ponding  to  a  pair  (s,  p)  is  realized  in  L^s(SU„)  by  a  set  of  operators  V  , 
g  e  SL(2,  C)  defined  by 

^  *<“>  *  vllfr  (6.i> 


for  0  (u)  e  LgS(SUg),  where 


«())  = 


If  -  2.  i  -  2 


(6.2) 
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and  ug  was  defined  in  Sec*  4B. 

These  formulas  are  the  same  as  Eq,  (4.16)  and  (4.17)  for  the  principal 
series;  the  difference  is  that  now  p  can  take  complex  values,  while  in  Eqs. 
(4.18)  p  is  real.  It  can  be  shown  that  the  operators  V  defined  by  Pigs.  (6.1). 
(6.2)  are  unitary  if  and  only  if  P  is  real. 

In  complete  analogy  with  Sec.  4C  the  generalized  Fourier  transformation, 
introduced  in  Sec.  4A,  can  now  be  utilised  to  obtain  a  realisation  of  the 
complete  series  in  the  spaces  *  The  result  is 

<p/J  =  11  +  21 

**'  j'=/s/  M*-j 


v">.  *■/>  K 


(6.3) 


where 


Ki *  l lip  T‘~  Kf ;  r~' -u 


(6.4) 


which  is  again  the  same  as  Eqs.  (4.39),  (4.41)  except  insofar  as  the  definition 
of  a  (g)(Eq.  (6.2))  is  extended  to  include  complex  values  of  p. 
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B.  Relation  to  the  Principal  and  Complementary  Series 


Tho  complete  series  describes  all  the  infinite-dimensional  completely 
irreducible  representations,  to  within  equivalence,  of  the  group  SL(2,  C). 

The  meaning  of  equivalence  here  is  such  that  the  spaces  of  two  equivalont 
representations  need  not  bo  isometric,  but  it  is  the  formulas  which  are 
essential  for  the  representations  and  not  the  norm  of  the  space.  In  the 
present  subsection  we  define  equivalence  of  representations  and  show  that  the 
representations  belonging  to  the  complementary  series  are,  from  this  point 
of  view,  equivalent  to  representations  contained  in  the  complete  series. 

The  definition  of  equivalence  between  representations  realized  in 
Banach  spaces  requires  some  preliminary  mathematical  definitions: 

(i)  the  group  ring  X.  Let  X  deonte  the  set  of  all  infinitely  differentiable 
functions  x(g),  ge  SL(2,  C),  which  vanish  for  all  the  matrices  g  satisfying 

I  l9iJl+  Iji.r  +  )l  >  c  (6*5) 


for  a  big  enough  number  C  which  may  depend  on  the  function  x(g).  This  set 
forms  a  ring  if  addition  and  multiplication  by  complex  numbers  are  defined 

op. 

in  the  usual  way  and  multiplication  of  ring  elements  is  defined  as  follows:  ” 


jc,  (/'‘tj  )  <6*6) 


(ii)  Conjugate  represen tations.  Given  a  Banach  space  B,  whose  elements 
are  deonted  by  5  ,  its  conjugate  space  B  is  defined  as  the  space  of  all 
bounded  linear  functionals  f  (?)  in  B. 


Givon  an  operator  T  in  D  its  conjugate  oporator  T*  is  defined  in  D*  as 


T’f  (?)  *  f(T?) 


(6.7) 


Now, given  a  representation  in  torms 
define 


of  operators  V 


g 


on  a  Banach  epaco  B  wo 


(6.8) 


as  tho  conjugate  representation  in  the  Banach  space  B*. 

(iii)  The  sot  ft  corresponding  to  a  given  representation  in  a  Banach 
space  B  is  defined  as  the  aggregate  of  all  finite  linear  combinations  of  the 
vector  (V  is  defined  in  footnote  26)  whore  ?  e  (see  Sec.  2)  for  any 
value  of  j,  and  x  e  X.  The  set  corresponding  to  tho  conjugate  representation 
is  denoted  by  ft'. 

1  2 

Following  Naimark  (1964)  we  now  defino  two  representations  V  ,  V  on 

t_>  K 

12  1 
Banach  spaces  B  ,  B  as  equivalent  if  there  exists  linear  operators  A  and 

2  12  2  1 

A  from  B  to  B  and  from  B  to  B  respectively,  whoso  domains  of  definition 
12  2  2 

are  ft  ,  ft  and  domains  of  variation  ft  ,  ft'  respectively,  satisfying,  for  all 
5  C  n,  f  €  ft'2, 


f  (A1})  =  A1  f(f) ; 


(6.9) 


If  A1?  =  0,  A2f  =  0  then  5  =  0,  f  =  0, 
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(6.10) 


A'VX  5  »  V*  A5 

A2^  f  =  Vj  A2  f  .  (6.11) 

X  X 


It  is  noteworthy  that  for  the  representations  to  be  equivalent  the  Banach 
spaces  need  not  be  isometric. 

In  the  previous  subsection  the  complete  series  representations  were 
characterized  by  a  pair  of  paremeters  (s,  p)  where  s  in  an  integer  or  half¬ 
integer,  and  p  is  a  complex  number.  We  will  now  show  that  the  complete  series 
representations  characterized  by  s  "  0  and  p  satisfying  0  <  -  ip  <  2  are 
equivalent  to  the  complementary  series  representations. 

The  space  of  representations  of  the  complete  series  representations 


corresponding  to  s  -  0  was  defined  in  the  previous  subsection  as  the  Hilbert 

space  Lg  (SU^).  The  space  of  representations  of  tho  complementary  series  was 

1  2 

defined  as  the  Hilbert  space  H  0.  These  spaces  correspond  to  B  ,  B 


respectively  in  the  definition  of  equivalence.  Now,  the  crucial  point  is 

this:  if  is  a  complementary  series  representation  corresponding  to  a  value 
6 

2 

a  of  the  parameter, and  V  is  a  complete  series  representation  corresponding 

1  2 

to  the  values  s  =  0,  p  =  icf then  the  representation  V  ,  V  are  given  in  the 

two  Banach  spaces  by  the  same  formula  (Eq.  (6.1),  (6,2)  and  Eqs.  (5»^)»  (5*5) 

1  2 

respectively).  It  follows  now  that  the  sets  0  ,  Q  corresponding  to  a  given 

o  t  anO 

representation  in  the  Banach  spaces  L^SUjTjHo  are  this  same,  because  both 


consists  of  all  the  finite  linear  combinations  of  the  vectors  where  § 

is  any  of  the  functions  T^  (u).  (V  was  defined  in  footnote  25). 

ora  x 
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*1  2 

The  operators  A  »  A  in  the  definition  of  equivalence  are  trivially 
defined  now  as  the  identity  operators  in  and  Q'^  =  n'*-  respectively. 

One  can  easily  check  that  they  satisfy  Eqs.  (6.9)  -  (6.11).  Therefore  any 
complementary  series  representation,  corresponding  to  a  value  is  equivalent 
to  the  complete  series  representation  characterized  by  the  pair  of  parameters 
s  =  0,  P  =  io. 
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C.  Relation  to  Spinors 

In  introducing  the  complete  series  vie  restricted  the  values  of  its 


parameter  (s,  p)  by  excluding  the  representations  for  which 

~  -4  C  J  s|  +  k  ),  k  -  1,  2,  3»  •••  (6*12) 


We  now  consider  the  representations  corresponding  to  Eq.  (6.12)  and  show  ihzt: 

(i)  the  representations  realized  by  the  general  formula  for  the 
complete  series,  Eqs.  (6.1),  (6.2),  are  not  irreducible  if  Eq.  (6.12)  is 
satisfied; 

(ii)  when  the  general  formulas  (6.1),  (6.2)  of  the  complete  series 
apply  to  a  finite-dimensional  linear  space  of  polynomials  over  SU^,  instead 
of  an  infinite-dimensional  Hilbert  space,  they  realize  the  spinor 
representations ; 

(iii)  the  generalized  Fourier  transform  of  these  polynomials  is 
related  tc  the  standard  form  of  2-component  spinors  by  a  linear  transformation, 
which  is  explicitly  derived. 

(i)  To  see  that  indeed  when  p  =  -4  (  j  s  I  +  k)~  the  representation  (6.1) 
is  not  irreducible  we  proceed  as  follows. 

Suppose  that  p  -  -2i(  |  s|  +  k)  and  denote  by  P^,  the  set  of  all  homogeneous 
polynomials  in  u^,  u2^,  ^2  and  u^: 


r. 


«,[*<  J,  t 


S’ 


u 


2  l 


(6. Id) 


with  the  conditions 
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ot  -  p  +  f  ~  S  _ 


(6.14) 


■+  p  4  ft  +  5"  -  2  I  s  I  +  t  k  -  2. 


(6.15) 


where  k  =  1,  2,  3i  •  One  can  easily  see,  using  Eq,  (6.14)  that 


^  U  )  e  e“*  f>  3 


(6.16) 


where  Y  is  given  by  (4.4).  Therefor©  Pj^  is  a  subspace  of  the  Hilbert  space 
2« 

(StL).  We  show  that  P  is  invariant  with  respect  to  the  operator  V 

^  JJi  5 

of  Eq.  (6.1).  To  this  end  one  writes 


g  -  V  u2 


(6.1?) 


where  u^,  u2  e  SU2  and  e  is  given  by 


*»“  o 


°  It* 


(6.18) 


with  a  real  number.  Since  V  =  V,  V.  V„  ,  it  is  sufficient  to  show 

g  U^  6 
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that  is  invariant  under  each  of  the  operators  Vn  ,  Ve  and  »  Now 


u1»  e 


..  c*  (WUJ 

v*.rCu>* 


(6.19) 


It  is  shown  in  Sec.  4B  that  a  (uu^)  /  a  (uu^)  is  equal  to  exp  (  2  is  A), 
where  A  is  an  arbitrary  real  number.  Also,  a  direct  calculation,  using  Eq. 
(4-31)  shows  that 


P 


(  UU<  )  =  21  £ 


t/\  (-of  *£ ) 


a 


■[iy£ 


(6.20) 


X  (uuj*  (  UU()ji  (uu,)JX  (uu,) 


Hence,  using  the  condition  (6.14)  one  obtains 


Vu,  p(“>  - 


(6.21) 


which  shows  that  P,. is  invariant  with  respect  to  the  operator  V  (and, 

of  course,  to  V  ). 

u2 

Similarity,  P^,  is  invariant  with  respect  to  V6,  where 

of  (  u  C  )  _  . 

Vt  >  P^c). 

v  4  r  <x  (u  {.  >  ' 


(6.22) 


^  p  2 

In  Sec.  4B  it  is  shown  that  o'(ue)  /  o'(ue)  is  equal  to  exp.  \2  is  A)  (X|  -  * 

where  |  X  )  is  given  by  Eq.  (4,34).  Furthermore,  one  easily  verifies  that 
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p («•* )  -  21 e* 


i  A  ffl-fts) 


hi 


*  ^  K  p  f  C  4ia,  ^»t 


(6.23) 


Using  the  conditions  (6.14)  and  (6. 15)  and  the  fact  that  p  3  -2i(  Jsj  +  k) , 
one  finds 


r-  ~ /j  +  rv  f  * 

V£  p(u)  “  2-  ***  avrr  Uj< 

v*/-r 


*  -  i*  r  -  r 
^*x,  utl  . 


(6.24) 


This  shows  that  V£p  (u)  is  a  polynomial  in  the  space  P^.  Hence  3?,^  is 

invariant  with  respect  to  the  operator  V  ,  and  therefore  the  representation 

S 

(6.1)  is  not  irreducible  when  p  =  -2i(  Js  J  +  k),  k  =  i,  2,  3> 

(ii)  We  now  show  that  the  operators  defined  by  Eqs.  (6.1),  (6.2)  which 
realize  all  the  infinite^dimensional  irreducible  representations  of  SL(2,  C), 
realize  the  spinor  representations  as  well,  if  the  space  of  the  representations 
is  properly  defined  as  a  space  of  polynomials  over  SU^. 

Starting  from  Eq.  (3*9)  let  us  denote  p(z,  z)  by  f(z)  and  let 


*  (S  1 '  5**  5- 


(6.25) 


where 


5“  ji<* 
5  1  5-  5- 


(6.26) 


is  an  element  of  SL(2,  C).  Equation  (3«7)  can  then  be  written  in  the  form 
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f  /  (> V  ■ 


(6.2?) 


Here  z  denotes  a  complex  variable  and  also  the  matrix 


o  \  (6.28) 

4  I  > 

and  the  matrix  a'  -  z§  amounts  to  a  transformation  in  which  the  variable  z 
goes  over  into  the  new  variable 


(6.29) 


where  the  matrix  g'  e  SL(2,  C)  is  given  by 


/  S'* 

V  3<<  ^  5 '*3- +  5“ 


(6.30) 


So  that  the  new  variable  z'  ,  according  to  (6.29)  and  (6,30)  is  given  by 


,=  S<-2  *■  5“ 

S«  j  *  1- 

If  now  we  write 

^(u)“  TT  x  (u)  j  (j.) 
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(6.3D 


(6.32) 


where  u,  z,  *  z#  and  z  =  u^/u 221  then1 


m  « 


</>(u)=  tj‘u  T.  X  jPr,  n*“r  uj  wa;‘J. 


(6.33) 


r  a  D  $'< 


Hence  0  (u)  runs  through  all  polynomials  which  are  homogeneous  in  u^,  u 
of  degree  m  and  in  of  degree  n*  and  p  are  related  to  spinors 

by  (3.10) .  Let  denote  the  set  of  all  such  polynomials.  Then  PmM  is  the 


mn 


set  of  all  polynomials  homogeneous  of  degree  m  +  n  in  u^,  u^*  ^21’  ^2 2* 
satisfying  the  condition 


t  (  m  -  *  )  V-/1 

<p  (  yu- )  *  £  <}>  ( u)  t 


(6.34) 


where  y  is  given  by  Eq.  (6.14).  The  operators  of  the  representation  in  the 

/vi 

space  are  then  given  by  the  formula 


T%  /(u) 


oi  (.  <*.$) 


4>  C w  J ) 


(6.35) 


where  0  (u)  e  and  ug  is  a  matrix  of  St^  whose  explicit  expression  is  given 
in  Sec.  4B.  Comparison  of  (6,25)  with  (6.2)  gives 

1  ,  (6.36) 

1/^-';  h  r  7  f  “  ^  "  ,  • 
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W©;.  have,  in  fact,  obtained  already  this  space  of  polynomial  in  part 

2s 

(i)  of  the  prosent  section  as  thdt  subspace  of  (Sl^)  which  is  invariant 
under  the  representation.  Indeed,  using  Eqs.  (6.14);  (6,15)  and  (6.36)  one 
obtains 


T  r  fr?  -  «  5"  B  Yi  -  p 


(6.3?) 


Eq.  (6.13)  can  now  be  written  as 


\  tv,  h  .  . 

<—*  «r~  **  ~/*  —  M-/1 

[>(u)  -  L~ 

1  ^  .7  u  ft  j  > 


(6.38) 


Comparing  (6.38)  with  (6.33)  we  see  that  is  just  rr2  prQ.  Hence 
\ 

is  related  to  spinors,  by  (3.10),  by 


OC..  a  II  y‘  h,  /  Y>!  <j>  .  ,  . 

A  ■  PC,  ,  X, 


(6.39) 


with 


A,  +  A,,  t...  +A«.  =  <y>  X,tK't  +  ...+  A  s/?. 


and  the  representations  (6,35)  is  indeed  a  realization  of  the  spinor 
representations . 
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(iii)  We  are  now  in  a  position  to  find  the  connoction  between  spinors 
arid  the  generalized  Fourier  transform  (P  in  the  finite-dimensional  cario. 
Sinco  p(u)  e  L,  (SU„),  one  can  expand  it  into  a  finite  series  in  TJ(u) 


2 

J 


P 


(k  5  =  21  (K  *')  </>  J  T  J  (  m. 

*>  Xh-  ' 


I  *1*1 


(6. hO) 


\  \ 

where  ^  is  related  to  p(u)  by 


d>  J  -  [  p  (u. )  ~l  ^  (u )  cUi., 

•  *»  J  I  it- 


(6.41) 


Using1 the  expression  (6, 38)  for  p(u)  in  (6.hl)  one  obtains 


II  JL 


K  =  I  1  2 


=  c  ;'5  =  » 


(6.42) 


where  C'J  „  are  some  numerical  coefficients, 

ma'3 


~  JiN  f  j  ^  —  /»  —  K- /i 

K»  jyl  j  M  ^  ^il  ^11  LlU 


(6.43) 


And  in  terms  of  2- component  spinors,  by  Eq.  (6.39),  one  obtains 


48 


(6.44) 


where 


*  M  N 

-  I  I 

^  .*  o  p~» 


cJIW  d 

““/>  ta,."A„  X,-*, 


^  JMM 

»v\ 


7r'4  M!  N!  CJ^ 

M  *yl 


(6.45) 


Here  +  ...  +  A^=  <*>  +  ...  +  *•  0» 

The  generalized  Fourier  transform  fp^  is,  therefore,  related  to  the 

spinors  0.  .  a  a  via  a  linear  transformation -  given  explicitly  by 

a1***aMa1*#<"%/ 

Eqs.  (6.43),  (6.45)  as  an  integral  over  the  group  SUg* 
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r’OOl’k'O'l'dJ 


1.  See,  for  exw.q'lo,  the  session  on  ir. f  ini te-dimensl or/il  representations 
of  particle:;  in  Hagen,  (iuralnik,  and  Mathur  (1967)# 

2.  See,  for  example,  the  •'■.oncgrrli  of  Streater  and  Wighim&n  (1964). 

3*  Sec,  Natnbu  (I966,  1967a);  -barut  end  Kleinort  (1967a#  b);  bn  rut, 

Corrj  gan,  and  Kdeinert  (I9'>3a,  b);  Fro nodal  (1967a,  b) ;  bobm  (I967); 
Takabayash 5  (1967);  Abarbanel  and  Frichr.an  (1968);  Chodos  0  970), 
Chod'  s  and  Haymaker  (19?0);  Humi  and  Mai  in  ( 1 9  69  3 »  Noga  (.1970)} 
Kursunoglu  (1968);  Aghassi,  Roman,  and  Sanbilli  (1970);  Koriar  and 
Slad  (1969);  Bisiacchi,  Colucci,  and  Fronsdal  (l9-9)» 

4.  One  of  the  first  systems  which  was  described  by  infinite-dimensional 
wave  equations  was  the  non-relativistic  H-atcn  (Fronsdal  l9-7'o* 

Barut  and  Kleinert  1967c#  d,  e;  Manbu  1967b;  Kleinort  i960),  More 
recently,  an  equation  which  describes  the  relativistic  H-atom  was 
obtained  by  Barut  and  Baiquni  (1969a,  b).  The  relation  of  the 
Majorana  equation  to  the  two-dimensional  Schrodlr.,-,er  equation  was 
also  investigated  by  Bieder.hum  and  Giovanr.ini  (1967),  Merita  ( 1 9 r'S ) , 
Barut  and  Duru  ( 1971 ) • 

5.  See,  Domokos,  Kovosi-Domokos,  ar.d  Man  soar!  (1970a,  b);  Dorokor-:, 
Kovesi-Bomokos,  ar.d  Schonterg  (1970);  Bacry  and  Ruyts  (1967)# 

Watanabe  and  Miyazaki  (1969);  Matsumoto  (1970);  Morita  (19?0);  cars 
and  Gursey  (1971)# 
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6  .  See  also  Barut’s  review  of  hadron  symmetries  (Barut  19?0).  The 
relationship  botwoon  current  algebra  and  infinito  dimonsional 
equations  were  recently  reviewed  by  O'Raifeartaigh  (I969)  and 
Niodoror  and  O'Raifeartaigh  (19?0). 


7*  Spinors  nave  also  boon  of  great  importance  in  goneral  relativity 

theory.  For  reviews  of  applications  of  spinors  in  general  relativity 
see  Penrose  (.'960),  Pi  rani  (1965)»  and  Carmell  and  Fickler  (1971')* 


8,  For  details  see  Stroater  and  Wightman  (1964), 


9 ,  These  matrices  are  given  by 


a^(y)  - J  0  cosY 

1  0  sinY 

Vo  o 


0 

-sinY 

cosY 

0 


\ 

0  ! 


i 


»  •  *  •  > 


and 
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b1(T)  = 


)  §41* 


c .  oh  y  0 

0  Jinhy 

0 

0 

0 

0 

:  i  nh  y  0 

0  coot.y 

10*  The  and  are  related  to  a^C'i')  and  b  (y)  by 
ar(Y)  =  exp  (V&r)t  ( Y )  =  exp  (Yb^), 

and  are  given  by 


0 

0 

0 

°\ 

(° 

0 

0 

1\ 

0 

0 

-1 

0  1  b  - 

0 

0 

0 

0 1 

0 

1 

0 

0  *  *•** 

0 

0 

0 

0  } 

\0 

0 

0 

3  / 

1 

0 

0 

o  / 

11.  A  (Y)  and  B  (Y)  are  continuous  functions  of  Y  and  are  called  basic  one- 
parameter  groups  of  operators  for  the  given  representation.  They  satisfy 
the  relations  A^^)  Ar(Y2)  =  Ar(Y1  +  YJ,  Bf(Y)  a-pvY2)  =  +  Yg). 

Ar(0)  -  1,  Br(0)  =  1.  If  the  representation  is  finite-dimensional  then 
the  operators  Ap(Y)  and  3r(Y)  are  differentiable  functions  of  y.  If 
the  representation  is  infinite-dimensional,  however,  these  operators 
night  be  non-differentiable  (see  footnote  1 3)  • 


11.  Ar(y)  and  Br(y)  might  then  be  expanded  in  terms  of  Ay  and  as  Ay(y)  = 
exp  (YA^),  Br(y)  =  exp  (YBr). 


23*  In  general,  let  A(t)  be  a  continuous  one-parameter  group  of  operators 

in  a  Banach  space  R,  and  denote  by  X(A)  the  set  of  all  vectors  x  ij  R 

for  which  the  limit  of  (A(t)  x-x)/t,  when  t  -*(  exists  in  the  sense  of 
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tho  norm  in  R.  Obviously  the  set  X(A)  contains  the  vector  x  -  0. 
Define  now  the  operator  A  for  all  x  e  X(A)  by  Ax  =  lim|(A(t)  x  -  x)/tj 
at  the  limit  t  -*  0.  The  domain  of  definition,  X(A),  of  the  operator 
A  is  a  subspace  of  R,  and  A  is  linear,  i.e.,  A(x,x,  +  X2xg)  = 

Xx  A  xx  +  X2  A  x2  for  x^,  c  X(A).  Such  an  operator  A  is  called  the 
infinitesimal  operator  of  the  one-parameter  group  A(t).  If  A(t)  = 

is  the  group  of  operators  of  the  representation  g  -*  T^,  corres¬ 
ponding  to  a  one-parameter  subgroup  a(t)  of  the  group  L,  the  corres¬ 
ponding  operator  A  is  then  called  the  infinitesimal  operator  of  the 
representation  g  -»  T  . 


It.  The  superscript  in  f^  specifics  the  subspaco  uniquely  since  each  irreducible 
representation  of  0^  is  contained  at  most  once  in  any  given  irreducible 
representation  of  the  group  L. 


i^*  Eqs*  (2.8),  for  unitary  representations  case  and  under  certain  assumptions, 
were  first  obtained  by  Gel'fand  (see  Naimark  (1964),  p.  117);  they 
later  were  rederived  by  Harish-Char.dra  (1947a,  194?b),  and  by  Gel'fand 
and  laglom  (1948), 


If,  For  the  physical  significance  of  non-unitary  representations  see  Barut 
and  Malin  (1968- )« 
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17  •  A  representation  g  -*  T  of  a  group  G  in  a  space  R  is  called  unitary  if 

6 

R  is  a  Hilbert  space  and  T  is  a  unitary  operator  ;';r  all  g  e  G» 

o 

This  implies  that  (T^x,  T^y)  =  (x,y)  for  all  g  e  G  and  all  x,  y  e  R, 
where  (x,y)  denotes  the  scalar  product  in  R. 

It  ,  An  operator  B  is  called  an  adjoint  to  the  operator  A  if  (Ax,  y)  = 

(x,  By)  for  all  x,  y  e  R. 


19  «  Compare  the  analoguous  formulas  for  the  rotation  group  given  by  Eqs. 

(2.10)  and  (2.11)  in  Carmeli  (1968).  Eqs.  (3*5)  can  easily 

be  proved  by  finding  the  value  of  the  expression  (!)  Tr  (°  ao^a^Ox^  = 

(!)  Tr(a<V^at)  =  (!)  Tr  (a^aQa*)  =  (!)  Tr  (cffy)  =  (I)  Tr  (°*°P^)  = 
(!)  Tr  (0*0* )x*  =  6^  =  x;  =  g^. 


20  •  These  matrices  for  the  group  SL(2,  C)  are  given  by 


ax(t) 


b^t) 


c»j  L  ~  i*i\  k  ^  \ 

Kk U  i  t  / 


a2(t) 


/  ^  i 

b„(t)  =  | 

t  J  l'n  4 

M 

1  a,  * 

Co  *  )> 

V  -  t'ft'h  t  t 

C\s4 

a3(t)  = 


it 

/  «T 


o  \ 

it 

C*T 
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21.  The  integral  in  Eq.  (4.1)  and  throughout  this  paper  are  invariant  integrals 


over  the  group  SUg  which  satisfy  the  conditions 

J  f  (uu^)  du  =  j  f  (u^u)  du  -  J  f  (u)  du 
for  any  e  SU2,  and 

J*  f  (u-1)  du  =  J  f  (u)  du 

*  du  *  1. 

J 


22.  For  a  different  form  of  realization  of  the  principal  series  see  e.g. 
Gel'fand,  Grae:  and  Vilen'; in  (1966). 

23*  Every  Euctidean  space  can  be  completed  to  a  Hilbert  space.  See  e.g. 

Naimark  (1959 j  1964);  Lyustemik  and  Sobolov  (1951). 

24,  These  functions  were  recently  used  by  Veneziano  (1968)  for  the  construction 
of  crossing-symmetric,  Regge-behaved  scattering  amplitude  for  linearly 
rising  trajectories, 

25*  It  is  interesting  to  note  that  the  definition  of  the  principal  and 
complementary  series  of  representations  can  be  generalized  from' the 
group  SL(2,  C)  to  SL(N,  C)  for  arbitrary  N  >  2.  However,  for  N  >  2 
there  exist,  in  general  unitary  representations  not  contained  in  either 
the  principal  or  the  complete  series  (Stein,  196?). 
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26. 


The  definition  of  complete  irreducibility  is  as  follows  (Naimark  1964) : 
given  a  representation  V  of  the  group  SL(2,  C)  on  a  Banach  space  B 

g 

one  first  defines  a  bounded  linear  operator  C  as  admissible  if  it  has 
the  form 

n 


C  5  =  2  f,  (?)  e 
i=l  1 


i 


where  f^,  ....  e  O'  and  e^,  ....  e  0.  The  definitions  of  the 

sets  fjj  O'  are  given  in  Sec.  6B.  One  then  defines  the  representations 

as  completely  irreducible  if  for  every  admissible  operator  C  in  B 

there  exists  a  sequence  xn  eX  such  that  (V  T|)  -*  (C  £  T|)  as  n  -*  oo 

n 

for  all  ?  c  n,  T1  e  O'.  X  is  the  group  ring,  defined  in  Sec.  6b,  and  the 

operators  V  are  defined  in  footnote  28  •  It  can  be  shown  that  every 
xn 

unitary  irreducible  representation  in  a  separable  Hilbert  space  is 
completely  irreducible. 


2?  .  For  a  definition  of  equivalence  of  representations  in  the  sense  of  the 
present  section  see  Sec.  6b. 


23.  This  definition  comes  about  as  follows:  given  a  representation  of  SL(2,C) 

as  a  set  of  operators  V  one  defines  an  operator  V  corresponding  to 

6  x 

every  function  x(g)eX  as  follows: 

Vx  =  f  x(g)  Vg  d5 

By  straightforward  calculation  one  finds  that 


V  V 
\  *2 


XiX2 


if  X^g  is  defined  by  Eq,  (6.?). 


For  further  details  see  Naimark  (1964). 
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29. 


The  representation  (6.1)  is  not  irreducible  also  when  y  °  2i(|a|  +  k), 
where  k  "  1,  2,  3,...,  since  the  pairs  (s,  ja)  and  (~s,  -j')  define  the 
same  completely  Irreducible  representation. 

30.  'a  is  the  set  of  all  matrices  kg,  where  g  is  an  element  of  SL(2,  c), 
fixed,  and  k  varies  through  the  entire  group  of  matrices  of  the  form 
given  by  2q.(4.11).  For  more  details  see  Naimark  (1964),  p. 1 40. 
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igt  of  jymrqlj 
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Eescripllon 


£  ijk 

F_, 

S 

H+,  H-» 

H,  h 


tr 
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H  _ 

or 


i 


<r 


L 


I.evi-Clvita  skew-symmetric  tensor  with  ^23  ”  * 
Infinitesimal  generators  of  the  Lorentz  group 
Element  of  the  Lorentz  group  L  or  the  group  SL(2,  C) 
Infinitesimal  generators  of  the  Lorentz  group 
Euclidean  spaces 
Hilbert  spaces 

Proper  orthochroneous  Lorentz  group 
Hilbert  space 
Hilbert  space 
Hilbert  space 


N . 
J 


SL(2,  C) 
SU„ 


TJ  (u) 
mnv  ' 


Real  normalization  factor 
Three-dimensional  pure  rotation  group 

Group  of  all  2x2  complex  matrices  with  determinent  unity 
Group  of  all  2x2  unitary  matrices  with  determinent  unity 
Matrix  elements  of  irreducible  representations  of  the 
group  SU2 


tJ(u) 

nr 


V 

6 

y-x,  *2, 


Orthogonal  set  of  functions 
Operator 

Element  of  the  group  SU^ 
Operator 

Space-time  coordinates 
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